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Cranking

= A rotation is externally imposed on a nucleus about the
x axis. The Schrodinger equation is:

|h bwlab/bT - Hlabqjlab

= Using the rotation operator

R, = exp [-iIL wt]

with¥,, =R VY .and H_ =R, H, R 1, the SE within the
intrinsic fmme becomes:

ih o¥;pi/ot = [Hip - hwL, ] Wiy
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The Routhian

= The cranked Hamiltonian or Routhian (just the energy in
the rotating frame) is then:

Hw = HinT - hWIX

where wI, is analogous to the classical Coriolis and
centrifugal forces

= TIn terms of single-particle states, the cranking
Hamiltonian is:

HY = 25h(i) = Zilhins(i) - hwj,(i)]

where j,(i) are the components of the nucleonic angular
momenta on the rotation axis (x)
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Single-Particle Routhians

= The single-particle Routhian can be evaluated by solving
the eigenvalue equation:

hwlvuu> - evw va>

where [v*) are the single-particle eigenfunctions in the
rotating frame

= The Routhian is simply the energy in the rotating frame
of reference: e ¥
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The Alignment

= The alignment is just the expectation value of j,: (j,)
and is equal to the (negative) differential of the
Routhian with respect to rotational frequency, i.e.

de,*/dw = -h (v¥]j, |vW)

= Those orbits with large |, values, and hence low ()
values, are most affected by the rotation, i.e. the
Coriolis and centrifugal forces
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Symmetries of Rotating Nuclei

= The time-reversal (twofold) degeneracy of the +()
states is lifted by the wj, term

= Axially symmetric potentials exhibit invariance with
respect to rotations by 180° (1) about the three
principal axes (reflection symmetry)

= However, the cranking Hamiltonian is only invariant for
rotation of m about the x axis

Rx(n) = CXP(—iTl'IX)
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Sighature Quantum Number

= A rotation of 2m leaves the wavefunction unchanged,
except for a possible phase factor (+1), i.e.

R2(MW=ry=(-DAY with  ré=+l

= The eigenvalues r of the rotation operator R,(m), called
signature, are good quantum numbers, i.e. constants of
the motion

= The signhature exponent guantum number o is defined:

r = exp(-ima)
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Sighature Quantum Numbers
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Signature Partners
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= For an orbital with angular momentum j the ‘favoured’
band has signature: oy = j mod 2
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CSM Calculations

= Tncluding pairing the CSM Hamiltonian is:

HY = Hg, - AP+ P) - AN - wI,

with HY = 3Xhv, Hy, = 2hg,, I, = 2j, and the total energy

E=2>eV, i.e. asumof the single-particle Routhians,
e’ =(h¥)

= The parameters A (-0E/0N) and w (-9E/9I) can be
considered as Lagrange multipliers needed to constrain
the particle number and angular momentum, respectively:

(N)y =N and (L) = J[ I(I+1) - K2]
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Quasiparticle Diagrams

= Hereisan
example of a
Woods-Saxon
quasiparticle
diagram
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Comparison to Experiment

= The results of cranking
I+1 calculations provide
Routhians rather than
71 energies

= The experimental data
must be transformed

Y -1 into the intrinsic frame

to afford detailed

Y, comparisons

= Quantities are

Y -3 approximated as
quotients of finite
differences
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Moments of Inertia

= The frequency for v ray 1 is:

w(T) = (1/h) dE(T)/dI, = E,,/2h

= Expressions for the moments of inertia are:

SO(T) = A2 { (2T+1) / (E(T+1) - E(T-1)} = | A2 (2T+1) /E,,
3@(I-1)=h2 {4/ (E, - E,,) = [4n2/ AE,

= The dynamic moment of inertia corresponds to spin I-1
and the associated frequency should be calculated at I-1.
In practice, the average frequency is used:

W(I'].) ~ (Evl + EyZ) / 4h

11/20/2018 Nuclear Physics Postgraduate Lectures : E.S. Paul 13



Experimental Routhian and
Alignment

= The experimental Routhian may be expressed as:

E¥ (D) = 2{ E(T+1) + E(I-1) } - w(T) I(T)

but we are interested in obtaining a quasiparticle

Routhian and so must subtract the collective rotational
energy:

&/(T) = E¥eor(T) - E¥er(T)

= Similarly, we remove the collective spin to produce the
quasiparticle alignment:

ix(]:) = Ix(I) B Ix,r'ef(I)
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Choice of Reference

= The reference removes the collective effects of rotation
and leaves the energies and spins solely from the valence
quasiparticles, in the rotating frame

= The reference can be obtained from the ground state
band (zero quasiparticle, vacuum) of a (neighbouring)
even-even nucleus

= At low spin, it is found that 3 « w?. Hence a 'variable
moment of inertia’ (VMI) reference can be fitted,
infroducing 'Harris Parameters’ 3, 3;:

~(1 - o~ 2
3D pef = Jp + Jyw
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Harris Parameters

= The Harris Parameters can be obtained by fitting:

Ix,ref(w) = w{SO * Slwz} ¥ ix

to the reference band. Note that i, = O for the ground-
state band of an even-even nucleus

= The energy reference is then given by:

— 1 ~ 1 o~ 1 ~
E¥ s = -RJ L opdw = -3w2 3y - 7 w* 3, + §h%/3,

where the final term, an integration constant, ensures
that the ground-state energy, E¥ . (I=0), is zero
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Expt. Alignments and Routhians

= Experimental results
for N = 74 isotones are

S shown here
ot 4+
of = A clear 'backbend' is
| seen for 132Ce while the
1.01 s Ce heavier nuclei show

'upbends’

e’ (MeV)

= E and F correspond to
—2.01 F 177 MeV ™, F =25 MeV proton hy;,, orbitals,
o1 o0z 03 04 05 o6 and these are the

® (MeV/h) quasiparticles that align
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Band Crossings

= Band crossings can be classified by the rotational
frequency at which they occur w,. and the gain in
alignment Ai, at the crossing

" Experimentally: These quantities can be obtained by
plotting e’ vs. w and i, vs. w

= Theoretically: Crossing frequencies can be obtained
from CSM quasiparticle diagrams.

= The gain is alignment is given by the slopes of the
intferacting levels, E and F:

= -(1/h) { de's/dw + de's/dw }
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Signhature Splitting

= The signature splitting between the components of an
orbital is the difference in excitation energy (or
Routhian) at a fixed frequency, e.qg.

Ae're(w) = e'r(w) - e'g(w)

= The magnitude of the signhature splitting is related to
the admixture of the () = 3 component in the
wavefunction and is larger for low () values

» The Coriolis interaction connects states with (2 = +1
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Staggering Parameter

o 0107 1181 + One way to enhance
S signature effects is to
= %% plot the
7, 0001
5 staggering parameter S(I)
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S(I) = E(T) - E(T-1) - 3[ E(T+1) - E(T) + E(T-1) - E(I-2)]
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Signhature Inversion

= Tn some odd-odd nuclei

T o0l at low spin the
=2 sighatures are the
= 'wrong way round' i.e.
v 01 the ‘favoured' signature
5 is energetically
= 001 unfavoured |
o
.§_0_1 = At higher spin the
oD = sighatures revert to
g _0.21 Vi, o=l their ‘expected’
7 ] ordering
5 ‘IO 15 20 25
e This is still not full
Doubly odd La systematics uncliserizfsoTc; d not fully
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Strutinsky Shell Correction

= Shell correction energy
= Cranked Nilsson Strutinsky Model
= Total Routhian Surfaces
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Shell Effects

binding energy) usually
shows an irregular
behaviour with mass A
(or Z or N). It is made
up of an oscillatory part
AE on top of a smooth
par"r EsmooTh

Nuclear Property

= Strutinsky's idea was to use the shell model to obtain
AE as the local variation from the average smoothed
(shell model) value, but then to use the Liquid Drop
Model to calculate the real 'smooth’ behaviour E,,. .,
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Strutinsky Shell Correction

* To obtain both the global
(liquid drop) and local
(shell model) variations
with 8, Z and A, Strutinsky
developed a method to
combine the best
properties of both models

T

R —.

Energy (arbitary units;

— Pk W o Oh

o= 42 Te =50

"3 ") o
(a) Liquid drop: ge(e) = gay(e)

= He considered the

(b) and (c) show shell effects. behaviour of the level
density g(e) in the two
models and calculated the

A change in nuclear binding ‘fluctuation’ energy

arises from: g,(e) - ge(e)
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Level Density

Single-particle level density and shell effects
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high density;
instability

shell and
subshell
closures

DEFORMATION [3
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Strutinsky Procedure

= The nuclear (binding) energy is considered to have to
have an oscillatory part AE,,.;. caused by quantal
effects (shell model), superposed upon a smoothly
varying liquid drop part E

E=Ep+ AEgy

= Strutinsky proposed that only AE,, ., (microscopic’)
should be calculated within the framework of the shell
model, while the smoothly varying part E
(‘macroscopic’) should be taken from the Liquid Drop
Model
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Strutinsky Procedure (cont)

= Similarly, the total shell-model energy Eg, does not
vary smoothly and is composed of oscillatory and
smooth parts:

Esp=21" € = éSH + AEgy,

= The real and smoothed level densities can be defined
by g(€) and g(e), respectively

= The number of levels between € and € + de is given by
g(e) de and the level density is:

g(e) = 2;0(e - )

where d(€ - €,) is the Dirac delta function
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Strutinsky Procedure (cont)

= The particle number can be evaluated as:

A= Jhg(e) de

= The total shell-model energy and the smoothed part are
then given, respectively, as:

Ec=Jreg(e)de| and | Eoy = S¥e §(e) de

* Note that Az A" because of a smearing of the Fermi
surface when calculating Eg,
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Strutinsky Procedure (cont)

= The total energy of the nucleus may finally be written
as:

E = Elp+ AEgy = Epp + [Esi- Espi]

where E is the macroscopic contribution and [E¢y, - ESH]
is the microscopic shell correction

= Note that the shell correction can be positive or negative

= Negative values give increased binding and stability
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Shell Correction Energies

Moller Chart of Nuclides 2000

Ground State Microscopic Energyv (Shell Effect)

T’

26
Energy ( MeV)
=-10.0
1000 to =50
A0t 0
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Superheavy Island

= Shell effects,
particularly
hexadecapole
deformation, can
stabilise very heavy
nuclei

Microscopic correction
FRDM {1992}

2??1 1 2

= Such superheavy nuclei
only exist because of
subtle quantum
mechanical effects
leading to a localised
region (‘island’) of
increased stability
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Strutinsky Method for Spin

= The Strutinsky technique can be extended to include
rotation

= We introduce another ‘level density"

ga(€) = 2 (jxi 0(e - )

= The total single-particle energy is obtained from the
cranking Hamiltonian as:

Esp(I) = Jreg(e)de + hw I

where I = f*g,(€) de
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Strutinsky Method for Spin

= The smoothed energy is:

E(e)=J"¢ g(€) de + hw G,(€) de

= The cranked Nilsson Strutinsky method includes
deformation (c,, €4, v) and spin
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Cranked Nilsson Strutinsky

= The total energy is:

E (264, I) = Eip (€284, I) + AEg, (e5,84.y, I)

= The macroscopic energy contribution is can be calculated
from:

ELD = Esurf ¥ ECoul * (9F‘I)2/23ri9

= This method usually ignores pairing correlations and is
hence only valid for high-spin states (I > 20 h)
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Total Routhian Surfaces

= This method is based on the Woods-Saxon potential and
includes pairing. The total energy of a nucleus (Z, N) as a
function of de?or‘ma'rion B = (P, Pa, V) is:

E(w,ZNp) = Epgero (WZNP) + AEgey (W, ZN,B)
+ AE in(w,ZN,p)
= The total Routhian is:
E(w,ZN,p)=Ew=0,ZN,p)
+ [(PUIHYZ N P) W) - (WIH(Z N B)[Y)]

- %wz[smacr‘o(Afb‘) - SS‘rr'u‘r(l\lfzf[b')]
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Total Routhian Surfaces (cont)

= The term E(w=0,Z,N,p’) corresponds to the liquid-drop
energy, the single-particle shell correction energy, and
the pairing energy at zero rotational frequency

= TWUIHY(Z NP YY) - (P[HO(ZN,B)W)] is the
change in energy due to rotation

= The term 3W?[J, 1co(AD) - Foirt(N,Z,B)] represents a
renormalisation of the LDM energy which is required
due to unrealistically large proton and neutron radii
used in some parameterisations of the Woods-Saxon
potential
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TRS Maps
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